Supplementary Data 2 Sample Problems in FrontierMath.

This section presents ten problems from the FrontierMath benchmark which are released by Epoch

(https://epoch.ai/frontiermath) and one FrontierMath benchmark problems from other source. Each

problem is created in collaboration with over 70 mathematicians and demands hours of work from expert
mathematicians. AS Epoch announced, “FrontierMath spans the full spectrum of modern mathematics, from
algebraic geometry to Zermelo—Fraenkel set theory.”

A.1 Sample problem 1 - Testing Artin’s primitive root conjecture

For a positive integer ,let () denote the largest integer  such that divides . For a prime
and a# 0 (mod p), let () denote the smallest positive integer ~ such that = 1( ). For x>0,
let:

O= _ (O« . ( -1)

Let denote the set of primes  for which

@@= 3,
and let denote the density of  xin the primes:
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Compute |10° _ |.

A.2 Sample problem 2 - Matrix Tuple Orbit Problem
Let 00 be the set of 4-tuples of invertible 1000 x 1000 matrices with coefficients in . Let
4000 be the subset of all tuples ( 1, 2, 3, 4) satisfying the conditions:

2= forallls <4
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, if{f83 —,3 —3}nb5. =
1= , if{3—-,3-3}n5. #
where 5 - refers to the set of positive multiples of 5,i.e.,5 =~ =4{5,10,15,...}. The group =
(1000) of invertible complex 1000 x 1000 matrices acts on by the formula: Type equation here.
(123 0=C 175 27% 375 4™
Find the number of orbits of this action, i.e., find | /7 |.

A.3 Sample problem 3 - Enumerative geometry over finite fields

Let 0 ( , (2)) be the space of smooth conics in  , and let 6 be the closed subscheme
parametrizing 6-tuples ( ;, , g)with  jtangentto ,, , g LetT: - °be the map induced by the
projection onto the last 5 coordinates and let 5 be the dense open subscheme over which is finite
¢tale.
Let
: 1 _
= lim ) ( )# ')

that is, the limit of the average number of components of the space of conics tangent to 5 smooth conics over

, as p tends to infinity.

Find [100 |.

A.4 Sample problem 4 - Tsirelson Space and Largest Power of 2 Problem

Let  denote the operator on * that modifies each { : ) I by setting the first k coordinates
equal to 0 (without changing any other coordinates). Given = ( : ) 1%, the support of s
()=/{ . # 0}.The Tsirelson space is the span of the smallest pointwise-closed subset  of

the unit ball in 1* satisfying the following two properties:

1. For every , the unit vector ~ and all its multiples A with |A| <1 belong to K.



2. Suppose 1,.., is a finite sequence of members of , each with finite support, such that
max( ( ))<min( ( )) forall < < .Then% (1+ + )
Problem.
Let denote the largest natural number such that there is a member { : ) of the set described
above with 3 =1/2, >1/20,and > whenever3 < < < . Itturns out that is too large
to write down in a reasonable amount of space, so let us ask instead: what is the largest power of 2 dividing
? In other words, find the integer = O0suchthat = 2 for some odd number
A.5 Sample problem 5- Counting nonzero solutions of homogeneous equations
How many nonzero points are there on
3 43 43 =0
over gis up to scaling?
A.6 Sample problem 6 - Expected perimeter enclosing the center of a 101-gon
Let be aregular 101-gon of circumradius 1. Draw each diagonal of  with probability 0.001. This
splits  into several closed regions. Let be expected value of the perimeter of the region containing the
center of .Compute [10° ].
A.7 Sample problem 7 — Asymptotics of solutions of a S-variable equation

Asymptotics of solutions of a 5-variable equation:

There are unique constants , , , such that the number of solutions to the equation
+1 =
With a,b,c,d,e with < is asymptotic to log as - oo Compute [1000 ].

A.8 Sample problem 8 — A recursive construction on large permutations

Let be the set of finite words with all distinct letters over the alphabet of positive integers. Define a
function : - recursively as follows. First,let ( ) = , where is the empty word. Given a
nonempty word ,det ()= () () ,where isthelargestnumberin and =

Let = 10'?, and note that restricts to a function from  to itself, where is the symmetric group



of order .Let be apermutation chosen uniformly at random from  , and let be the expected
number of integers 1 < < suchthat ( )( +1)< ( )().Compute [ ].

A.9 Sample problem 9 — The radius of Jeremy's trac problem

You have two circles, one with radius and the other with radius . You wish for the difference in the
areas of these two circles to be less than or equal to 5z. If + = 10, what is the maximum difference

in the lengths of the radii?

A.10 Sample problem 10 — Find the degree 19 polynomial

Construct a degree 19 polynomial ( ) [ ] suchthat = ()= ( 1 X% 1) has at least 3
(but not all linear) irreducible components over . Choose ( ) to be odd, monic, have real coefficients
and linear coefficient -19 and calculate (19).

A.11 Sample problem 11 - Prime field continuous extensions

Let for be the sequence of integers satisfying the recurrence formula
= 198130309625 _; +354973292077 _, —427761277677 _3+ 370639957 _,
with initial conditions = for0 < < 3. Find the smallest prime = 4( 7) for which the

function -  given by can be extended to a continuous function on



